Abstract. We initiate a study of maximal subgroups and maximal von Neumann subalgebras which have the Haagerup property. We determine maximal Haagerup subgroups inside Z 2 ⋊ SL2(Z) and obtain several explicit instances where maximal Haagerup subgroups yield maximal Haagerup subalgebras. Our techniques are mostly based on group-theoretic considerations and results on intermediate von Neumann algebras. Some remarks and examples concerning maximal non-(T) subgroups and subalgebras are also presented, and we answer two questions of Ge regarding maximal von Neumann subalgebras.
The study of maximal von Neumann subalgebras with particular properties has a long and rich history, dating back to the origins of the subject. In particular the role of maximal abelian subalgebras was realised early on by Dixmier and others (see for example [31] ), came to prominence with the groundbreaking results of Feldman and Moore ( [32] ) and plays a central role in the modern study of structure and rigidity of von Neumann algebras ( [43] ). With time it became clear that similarly one can ask about concrete maximal amenable (in other words injective) von Neumann subalgebras. Here the breakthrough work is due to Popa, who showed in [54] that the so-called generator masa in a group von Neumann algebra is also maximal amenable.
The context for Popa's result is the fact that from the early days of the theory of operator algebras countable discrete groups formed a very rich source of examples; in particular the key theorem of [54] implies a much easier fact that Z < F n is a maximal amenable subgroup. In recent years there has been a renewed interest in asking when, given a maximal amenable subgroup H < G, the von Neumann algebra L(H) is a maximal amenable von Neumann subalgebra of L(G). Satisfactory sufficient conditions, leading to several concrete examples of this phenomenon, were obtained by Boutonnet and Carderi ([8] , [7] ). It is also worth noting that some maximal amenable subgroups do not lead to maximal amenable subalgebras.
Another approximation property for von Neumann algebras, originating in the work of Haagerup on free groups ( [37] ), is the Haagerup property ( [23] , [21] , [46] ). This again has proved to be very fruitful for the study of operator algebras, partly due to its geometric interpretations, partly as it weakens amenability and yet offers some tools to study the algebra in question, and finally because it forms a strong negation of Kazhdan's Property (T) (see [4] , [17] ). In the last decade the Haagerup property played also an important role in the study of quantum groups ( [9] , [25] ); this motivated the extension of the concept beyond finite von Neumann algebras to arbitrary ones (see [14] and references therein).
In this work we initiate a study of maximal Haagerup von Neumann subalgebras. The difficulties in approaching this problem are two-fold: first of all relatively little seems to be known on maximal Haagerup subgroups, and secondly the only well-known obstruction to the Haagerup property is relative Property (T) (although see [19] , where Chifan and Ioana proved that the situation in general is more subtle). Thus we begin our study by analysing examples of maximal Haagerup subgroups in concrete groups without the Haagerup property. In particular we characterise all the maximal Haagerup subgroups in Z 2 ⋊ SL 2 (Z), showing they are of two types:
• Z 2 ⋊ C, where C < SL 2 (Z) is a maximal amenable subgroup;
• {(c(g), g) : g ∈ K}, where K < SL 2 (Z) is non-amenable and c : K → Z 2 is a cocycle which cannot be extended to a larger subgroup. We also record concrete examples of maximal non-(T) subgroups in Property (T) groups.
In spite of the difficulties mentioned above, it turns out that in several cases we can exploit the existing results on intermediate von Neumann subalgebras (or their extensions) to exhibit concrete examples of maximal Haagerup subalgebras. Among other things we show that the following group inclusions have the property that H is a maximal Haagerup subgroup of G, and similarly the von Neumann algebra L(H) is a maximal Haagerup von Neumann subalgebra of L(G):
• Z 2 ⋊ C < Z 2 ⋊ SL 2 (Z), where C < SL 2 (Z) is a maximal amenable subgroup such that Z 2 ⋊ C is also ICC; • Λ ≀ Γ K < Λ ≀ Γ, where Λ is an amenable ICC group, and K < Γ is a maximal Haagerup subgroup;
, where Λ is an ICC group with the Haagerup property; • SL 2 (Z) * SL 2 (Z) < Z 2 ⋊(SL 2 (Z) * SL 2 (Z)), where the action is defined by first factoring onto the first copy of SL 2 (Z), then combing with the standard matrix multiplication; • Z ≀ Γ K < Z ≀ Γ, where Γ = Z 2 ⋊ SL 2 (Z), K = Z 2 ⋊ C and C < SL 2 (Z) is a maximal amenable subgroup. The above list is not exhaustive; in particular we obtain also some examples which are related to a general crossed product construction. Some of the new results on intermediate von Neumann algebras should be of use also in some other contexts; it is worth noting that stronger versions of some theorems we prove here (notably on profinite actions) were independently obtained in [18] and applied in the context of the classification of von Neumann algebras. Here we show how to exploit such results to answer certain questions of Ge from [33] .
Many questions related to maximal Haagerup subalgebras remain open, and we list what we believe to be the most important ones in the end of our paper.
The detailed plan of the paper is as follows: in Section 1 we recall the definition of the group-theoretic and von Neumann algebraic Haagerup properties, recall their key features to be used in the sequel and prove some elementary facts on existence of maximal objects. In Section 2 we discuss maximal Haagerup subgroups. After analysing general behaviour of this notion in various products and providing first examples, we ask a question about the existence of Haagerup radicals, understood as largest normal Haagerup subgroups, and identify them inside SL 3 (Z) and Z 2 ⋊ SL 2 (Z). Then we prove the first of our main results, characterisation of maximal Haagerup subgroups inside Z 2 ⋊SL 2 (Z) and discuss in detail the groups which may appear as such. We finish this section by exhibiting a concrete maximal Haagerup subgroup inside Z 3 ⋊SL 3 (Z). In Section 3 we focus on the von Neumann algebraic context, and produce examples of maximal Haagerup subalgebras using respectively the work of Ioana on ergodic equivalence relations inside SL 2 (Z) T 2 , Galois correspondence of Choda, extremely rigid actions, free products, pro-finite actions and finally roughly normal subgroups. Here we also answer in the positive two questions of Ge regarding maximal von Neumann algebras. Section 4 is devoted to Property (T): we exhibit explicit maximal non-(T) groups in Property (T) groups and discuss some cases where maximal (T) or non-(T) subalgebras exist. Lastly in Section 5 we present a short list of open problems.
All the groups will be discrete and countable; von Neumann algebras will be mostly finite (although in Section 1 we will briefly discuss general σ-finite von Neumann subalgebras). Inclusions of von Neumann algebras will be always unital, and we will sometimes simply write N < M if N is a von Neumann subalgebra of M; and similarly H < G if H is a subgroup of G. If M is a von Neumann algebra equipped with a faithful normal state φ then a von Neumann subalgebra N < M will be called φ-expected if there exists a φ-preserving (normal) conditional expectation from M onto N. We say that H is a nontrivial subgroup of G if {e} = H = G; a group is nontrivial if it has more than one element. If H, G are groups, then H ⊕G will denote the direct sum of copies of H indexed by G, so that we have a natural shift action G H ⊕G and the corresponding wreath product H ≀ G. Often we will need the case where K is a subgroup of G acting on H ⊕G by shifts; then we write the corresponding semidirect product as H ≀ G K. The term ICC stands for infinite conjugacy classes.
Haagerup property -general aspects
In this section we recall the basic definitions and features of the Haagerup property for groups and von Neumann algebras, which will be used in the rest of the paper. Proposition 1.4. Suppose that H is a subgroup of a group G and that H has does not have Kazhdan's Property (T). Then there exists a maximal subgroup of G containing H and not having Property (T).
Proof. To apply the Kuratowski-Zorn argument it suffices to note that Kazhdan groups must be finitely generated; so if there was an increasing sequence of non-Kazhdan groups with the union having Property (T), then the sequence would in fact have to stabilise, which gives a contradiction.
Finally we recall the key permanence result and the key obstacle for the Haagerup property; the first proposition is [17, Proposition 6.1.5], and the second is an obvious consequence of definitions. These will be used further without any comment. Proposition 1.5. Suppose that H is a subgroup of a group G. If H has the Haagerup property and the algebra ℓ ∞ (G/H) admits a G-invariant state, then G has the Haagerup property. In particular amenable extensions of Haagerup groups are Haagerup, and if G admits a finite index Haagerup subgroup, then G itself is Haagerup. Proposition 1.6. If a group G has relative Property (T) with respect to an infinite subgroup, then G is not Haagerup.
Naturally Proposition 1.5 remains true if one replaces everywhere the Haagerup property by amenability. Furthermore Proposition 1.6 implies that neither Z 2 ⋊ SL 2 (Z) nor SL 3 (Z) are Haagerup (and the latter one is in fact Kazhdan). We record here a relevant lemma due to Burger ([11] ). Proposition 1.7. Suppose that G < SL 2 (Z) is a non-amenable subgroup. Then the inclusion Z 2 < Z 2 ⋊ G is rigid, so in particular Z 2 ⋊ G is not Haagerup.
von Neumann algebras. The following definition extends the one given in [23] and then studied for example in [21] and [46] for finite von Neumann algebras. The formulation below comes from [16] ; it is equivalent to the one proposed by Okayasu and Tomatsu in [51] , as shown for example in [14] . For the terminology 'KMS-implementation' we refer to [16] ; if M is a finite von Neumann algebra with a fixed trace it is equivalent to the usual L 2 -implementation of a given unital completely positive and trace preserving map on the Hilbert GNS-space. Definition 1.8. Let M be a σ-finite von Neumann algebra. We say that M has the Haagerup property if for some faithful normal state φ on M there exists a sequence of unital completely positive φ-preserving maps whose KM S-implementations on the Hilbert space L 2 (M, φ) are compact and converge strongly to identity.
As shown in [15] and [16] in fact the existence of such maps does not depend on the choice of φ. As expected, the terminology is consistent with that discussed earlier for groups. Choda showed in [21] Theorem 1.9. Suppose that M is a finite von Neumann algebra with a von Neumann subalgebra N. If N has the Haagerup property and the inclusion N < M is amenable in the sense of [55] , then M has the Haagerup property. In particular if N is Haagerup and G is an amenable group, then N ⋊ G is Haagerup.
The following result follows directly from the definition of relatively rigid von Neumann subalgebras ([56, Section 4]). It is worth noting that until recently it was the only known technique of showing that a von Neumann algebra is not Haagerup, but in [19] Chifan and Ioana, using earlier results of de Cornulier, exhibited an example of a non-Haagerup von Neumann algebra with no relatively rigid diffuse subalgebras. Proposition 1.10. Suppose that M is a finite von Neumann algebra with a diffuse von Neumann subalgebra N such that the inclusion N < M is rigid. Then M does not have the Haagerup property.
The following result in the finite case follows from Theorem 2.3 (ii) in [46] . Lemma 1.11. Suppose M is a von Neumann algebra equipped with a faithful normal state φ. Let (N n ) n∈N be an increasing sequence of φ-expected von Neumann subalgebras of M with the Haagerup property. Then the von Neumann algebra N := ( n∈N N n ) ′′ is a φ-expected Haagerup von Neumann subalgebra of M.
Proof. Takesaki's theorem on existence of φ-preserving conditional expectations ( [58] ) implies that the modular automorphism group leaves each N n globally invariant; the same is then true for N, so using Takesaki's theorem again we deduce that N is φ-expected. Denote the respective φ-preserving conditional expectations by E n : M → N n , E : M → N. Then the sequence (E n ) n∈N converges pointwise strongly to E; moreover we can view the Hilbert spaces L 2 (N n , φ) as subspaces of L 2 (N, φ) and in this picture the KMS-implementations of E n converge strongly to identity on L 2 (N, φ) (see for example [47, Section 2] ). Denote the approximating maps on each of the N n by (Φ (n) k ) ∞ k=1 ; the standard argument using finite subsets of N and ǫ > 0 allows us to construct an approximating net on N out of the maps of the form Φ
Then we have the following corollary (once again arguing via the Kuratowski-Zorn Lemma). Corollary 1.12. Let M be a von Neumann algebra, let φ be a normal state on M and assume that N is a φ-expected von Neumann subalgebra of M with the Haagerup property. There exists a maximal φ-expected von Neumann subalgebra of M containing N which has the Haagerup property. In particular if M is a finite von Neumann algebra with a Haagerup von Neumann subalgebra N then there exists a maximal Haagerup von Neumann subalgebra of M containing N.
The following is Theorem 3.12 of [51] . The idea of the proof of the next proposition was kindly communicated to us by Yuhei Suzuki; in fact exactly the same proof in the context of injectivity may be found in [22, Proposition 6.8] .
Proposition 1.14. Let N < M be an inclusion of von Neumann algebras, with N having the Haagerup property. Assume that G is a group of unitaries contained in the normaliser N M (N). If G is amenable as a discrete group, then the von Neumann algebra generated by N and G 
Maximal Haagerup subgroups
In this section we discuss various abstract and concrete results concerning maximal Haagerup subgroups.
Maximal Haagerup subgroups in (Cartesian, free, wreath) products. We begin by discussing the behaviour of maximal Haagerup subgroups with respect to certain general constructions.
Consider first the case of the Cartesian product. Given a subgroup K ⊂ G 1 × G 2 define the first (respectively, second) support subgroup of H as
Proposition 2.1. Let G 1 , G 2 be groups and suppose that H i are maximal Haagerup subgroups in G i for i = 1, 2, with at least one of them nontrivial. Then
Proof. Consider a Haagerup subgroup K ⊂ G containing H 1 × H 2 . As H 1 ⊂ G 1 ∩ K and the latter group is Haagerup, we have
Indeed, take for example l = 1. For any x ∈ K 1 we have (x, y) ∈ K for some y ∈ K 2 , and hence for each h ∈ H 1 , as (h, e) ∈ K, we have (xhx −1 , e) = (x, y)(h, e)(x, y) −1 ∈ K, so xhx −1 ∈ H 1 .
Consider then the group K 1 /H 1 and choose representatives of its elements, say {s i : i ∈ I}, where I is some index set. Fix i ∈ I and consider H 1 , s i . The latter group is Haagerup, as we have a short exact sequence 1
In a completely identical way we show that
It is worth noting that for amenability a stronger result holds (it is likely known, but we record it here). Proposition 2.2. Suppose that G 1 , G 2 are groups and K ⊂ G 1 × G 2 is a subgroup. Then the following conditions are equivalent:
where H i is a maximal amenable subgroup of G i for i = 1, 2.
Proof. It suffices to observe that if K is an amenable subgroup of G 1 × G 2 , then its support subgroups are amenable. Indeed, once we know it, it follows that if K is in fact maximal amenable, it must be equal to K 1 × K 2 and the rest is easy. But the support subgroups are images of K with respect to the homomorphisms given by projections on the first/second coordinate, and as quotients of amenable groups are amenable, the proof is finished.
We cannot hope that the analogous result would hold for the Haagerup property, as the next example shows. Before we formulate it, we recall that, as stated in [59] , there are two known sources of infinite simple groups with Kazhdan's property (T). Such groups appear for example as lattices in certain Kac-Moody groups, see [13] . Much earlier, it was also shown by Gromov ([36] ) that every infinite hyperbolic group surjects onto a Tarski monster group G (that is an infinite group whose every proper subgroup is finite cyclic; in particular a simple group), and G is Kazhdan if only the original hyperbolic group was a Kazhdan group. Proposition 2.3. Let G be an infinite simple group with property (T) and φ : F n ։ G be a surjective group homomorphism for some n ∈ N, n ≥ 2. Let Φ : F n ֒→ F n × G be defined by Φ(s) = (s, φ(s)), s ∈ F n . Then Φ(F n ) is a maximal Haagerup subgroup of F n × G that does not split as a product of two subgroups of F n and G.
Proof. Since Φ is injective, Φ(F n ) ∼ = F n has the Haagerup property.
and φ is surjective, we deduce that the normal subgroup in G generated by φ(x) −1 y, i.e. G (as the latter is assumed to be simple), is contained in H. Hence H does not have the Haagerup property.
To see that Φ(F n ) does not split as a product, just observe that Φ( In the general case we may assume G 2 = H 2 and 
By a generalised version of Proposition 2.2 we know that
. As K has the Haagerup property, we reach a contradiction.
We record a simple observation, which can be shown using the same ideas as these in the proofs above (and which will be of use to us later). Proposition 2.6. Let G, K be groups, and let H be a subgroup of G. If H and K have the Haagerup property, then K ≀ G H has the Haagerup property.
Proof. We have
so that the result for usual wreath products from [29] ends the proof.
We finish this general subsection with some examples where the wreath/semidirect product constructions yield explicit examples of maximal Haagerup subgroups.
Proposition 2.7. Let G be a countably infinite group with the Haagerup property and let G 0 be a quotient of G which does not have the Haagerup property; for example let G 0 be an infinite group with property (T) generated by n elements and G = F n . Let A be a nontrivial abelian group. Then G is a maximal Haagerup subgroup of the generalised wreath product
Proof. First, by [19, Corollary 3 .3], we know (A ⊕G 0 ) ⋊ G is not Haagerup. We will show that in fact for any x ∈ ((A ⊕G 0 ) ⋊ G) \ G the subgroup G, x does not have the Haagerup property.
Without loss of generality we may assume that x ∈ A ⊕G 0 . Consider the subgroup K := τ g (x) : g ∈ G ⊆ A ⊕G 0 , where τ is the action used in defining our generalized wreath product. Clearly, K is abelian and G-invariant. Then note that we can view K ⋊ G as a subgroup of
Then, since the action G K factors through the quotient G 0 , we can apply [19, Theorem 3.1(2)] to deduce that K ⋊ G does not have Haagerup property. Indeed, the stabilizer of x in G 0 is contained in supp(x)supp(x) −1 , hence is finite.
The last statement can be combined with the action of a free group on the free abelian group, as below.
Proposition 2.8. Suppose that m, n ∈ N are such that n ≥ 3 and the free group G := F m admits G 0 := SL n (Z) as a quotient (implicitly, m ≥ 2). Let A be a nontrivial abelian group and consider the action G Z 2 given by some fixed embedding of
Proof. Let H be a subgroup of (Z 2 ⊕ A ⊕G 0 ) ⋊ G, strictly containing G. We need to show H does not have the Haagerup property. Clearly, H = K ⋊ G for some nontrivial subgroup
If K ∩Z 2 = {e}, then we have G·(K ∩Z 2 ) = kZ 2 for some k ∈ Z\{0} . Then by considering the rigid inclusion kZ 2 < kZ 2 ⋊ G, we see that kZ 2 ⋊ G is not Haagerup, so H = K ⋊ G, which contains kZ 2 ⋊ G, is not Haagerup.
If K ∩ A ⊕G 0 = {e}, then we may argue as in the proof of Proposition 2.7 to deduce that (K ∩ A ⊕G 0 ) ⋊ G does not have the Haagerup property; so neither does H.
It remains to consider the case when K ∩ Z 2 = {e} and K ∩ A ⊕G 0 = {e}. Note that then K = {(x, t(x)) : x ∈ A ′ } for some bijection t : A ′ ∼ = B ′ , where A ′ is a subgroup of Z 2 and B ′ is a subgroup of A ⊕G 0 , and both these subgroups are G-invariant. The map t is easily seen to be a G-equivariant group homomorphism and thus
Since A ′ is nontrivial and G-invariant, A ′ ∼ = kZ 2 for some k ∈ Z\{0}. Then since θ provides an isomorphism between inclusions (θ −1 (A ′ ) < K ⋊ G) and (A ′ < A ′ ⋊ G), and the latter inclusion is rigid, we deduce that H = K ⋊ G does not have the Haagerup property.
Maximal normal Haagerup subgroups. Although in this article we are mainly interested in maximal Haagerup subgroups (and later maximal Haagerup subalgebras), in the amenable context it is often important to compute the amenable radical of a given group G, i.e. the largest amenable normal subgroup of G. This notion was first introduced and studied in [26] , where Day showed in particular that such a largest subgroup always exists. Recently it has played a big role for example in the study of the unique trace property for group C * -algebras (see [10] ). Motivated by Problem 5.2 below, it is then natural to consider the concept of the Haagerup radical of a group G, i.e. the largest normal Haagerup subgroup of G. Contrary to the amenable case, it does not seem to be easy to show that every group admits the Haagerup radical; however in the two cases presented below this is the case and moreover the Haagerup radical can be computed.
We begin with an easier case of SL 3 (Z).
Proposition 2.9. The group SL 3 (Z) does not admit any nontrivial normal subgroups with the Haagerup property.
Proof. Suppose that H is a normal subgroup of SL 3 (Z) which has the Haagerup property. By Margulis's normal subgroup theorem (Chapter IV in [49]), we know that H is either finite or has finite index. Since H is Haagerup, it must be finite. Suppose g ∈ H is nontrivial. Then the fact that g has finite order implies the eigenvalues of g are roots of 1. Hence, either we have three real roots or one real root and two conjugate complex roots. Notice that the conjugacy class of g contains only finitely many elements; equivalently, the centralizer subgroup of g has finite index in SL 3 (Z). Therefore, g cannot have three distinct eigenvalues since otherwise g would be diagonalizable and this would imply the centralizer subgroup of g would be abelian, which is absurd. Therefore we know that the eigenvalues of g are either three 1's or one 1 and two -1's. By considering the Jordan standard form of g and the fact that g has finite order, we know that g ∼ Diag(1, −1, −1). Then a simple calculation shows that the centralizer subgroup of g is conjugate to a subgroup of Proof. Let H be a normal subgroup of G with the Haagerup property and U = Z ⋊ Z/2Z. We aim to show that H ⊆ U . Clearly, U is amenable and normal inside G. Thus HU is a normal subgroup of G with the Haagerup property. As U ⊆ HU , we see that HU = Z 2 ⋊ K for some group K with Z/2Z ⊆ K ⊆ SL 2 (Z). Proposition 1.7 implies that K is amenable. As HU is normal in G, we know that K is also normal inside SL 2 (Z), hence K is contained in the amenable radical of SL 2 (Z). Now observe that the amenable radical of SL 2 (Z) coincides with Z/2Z. This is wellknown, but we include a short proof. Recall that SL 2 (Z) is hyperbolic and K is contained in a maximal amenable subgroup C of SL 2 (Z) which is virtually cyclic and almost malnormal, i.e. for all g ∈ SL 2 (Z) \ C, |gCg −1 ∩ C| < ∞ (see for example Theorem 7.2 (vi) in [48] ). Therefore K is finite, and hence elements in K must have eigenvalues equal either 1, 1 or −1, −1, and hence K = Z/2Z. That is HU = U , hence H ⊆ U .
Note that in the two cases considered above the Haagerup radical coincides with the amenable radical. We end this subsection by observing that the general question of existence of the Haagerup radical seems to be open even in some apparently elementary cases.
Question 2.11. Suppose that H, G are groups with the Haagerup property and let G × G act on G via the left/right shifts. Is it then true that A ≀ G (G × G) has the Haagerup property? Note that A ≀ G (G × G) is generated by two normal Haagerup subgroups; so its Haagerup radical, if it exists, must be equal to the group itself.
Maximal Haagerup subgroups in Z 2 ⋊ SL 2 (Z). We are ready to present a central result of this section, i.e. a description of all maximal Haagerup subgroups of Z 2 ⋊ SL 2 (Z). Recall that if we consider a group G acting on an abelian group H then an H-valued 1-cocycle (or just a cocycle) on G is a map c : G → H such that c(g 1 g 2 ) = g 1 c(g 2 ) + c(g 1 ), g 1 , g 2 ∈ H, and c is called a coboundary if there is ξ ∈ H such that c(g) = ξ − gξ, g ∈ G.
Theorem 2.12. Suppose that H is a maximal Haagerup subgroup in G = Z 2 ⋊ SL 2 (Z). Then exactly one of the following cases holds.
where S ⊆ SL 2 (Z) is a non-amenable subgroup, and c : S → Z 2 is a cocycle that cannot be extended to a strictly larger subgroup of SL 2 (Z). In particular, H ∼ = S, and H is not conjugate to S inside Z 2 ⋊ SL 2 (Z) unless c is a coboundary, in which case S = SL 2 (Z).
Proof. We split the argument into three cases according to the rank of H ∩ Z 2 .
Write C = H ∩ SL 2 (Z) and H ∩ Z 2 = BZ 2 for some matrix B ∈ M 2 (Z) with det(B) = 0. Note that both H and Z 2 , hence also BZ 2 , are globally invariant under the natural action of C, so we can consider the semidirect product
The fact that H has the Haagerup property implies via Proposition 1.7 that B −1 CB is amenable and hence C is an amenable subgroup of SL 2 (Z). Since SL 2 (Z) is word hyperbolic, C is virtually cyclic (again see for example [48, Theorem 7 
.2 (vi)]).
Now, observe that K := {t ∈ SL 2 (Z) : ∃ a∈Z 2 (a, t) ∈ H} is a subgroup of SL 2 (Z) and H < Z 2 ⋊ K; therefore, without loss of generality, we may assume K is not amenable; otherwise, H = Z 2 ⋊ K, K is automatically maximal amenable and we are done. Now, since K is non-amenable and SL 2 (Z) is linear, then Tits' alternative theorem for linear groups implies that K contains F 2 , in particular, there exists some t ∈ K of infinite order. Let then a ∈ Z 2 be such that (a, t) ∈ H.
We claim that there is also some element t ′ ∈ C of infinite order. To see this, for each n ∈ Z write (a, t) n = (a n , t n ) for some a n ∈ Z 2 . As we have now the inclusion H ⊇ (a, t) −1 (BZ 2 , e)(a, t) = (t −1 · (−a + BZ 2 ), t −1 )(a, t) = (t −1 · (BZ 2 ), e), we conclude that
Similarly by considering H ⊇ (a, t)(BZ 2 , e)(a, t) −1 we deduce that t · (BZ 2 ) ⊆ BZ 2 . Thus t · (BZ 2 ) = BZ 2 . Now, as [Z 2 : BZ 2 ] < ∞, we can find n, m ∈ Z, n = m such that a n ≡ a m mod BZ 2 , then using H ∋ (a n , t n ) −1 (a m , t m ) = (t −n · (−a n + a m ), t −n+m ) and t −n · (−a n + a m ) ∈ t −n (BZ 2 ) = BZ 2 ⊆ H, we deduce that t −n+m ∈ C. Define t ′ = t −n+m . Now, we claim that H < Z 2 ⋊ C ′ , where C ′ is a maximal amenable subgroup containing C. Suppose this is not the case. Then there exists some (a ′ , s) ∈ H such that s ∈ C ′ . For
Considering c of infinite order, whose existence we deduced in the above paragraph, we can find some n, m ∈ Z, n = m, such that
The last statement cannot hold. Indeed by [24] we know that any hyperbolic embedded subgroup in a group is almost malnormal. So it suffices to show that C ′ is hyperbolic embedded in the hyperbolic group SL 2 (Z), which is clear by [24, Corollary 6.6+Theorem 6.8].
Therefore, H < Z 2 ⋊ C ′ . Since H is a maximal Haagerup subgroup, we deduce that
Case 2: Assume H ∩ Z 2 ∼ = Z. We will deduce a contradiction. Let x ∈ H be then such that x = H ∩ Z 2 . Take any (a, g) ∈ H, where a ∈ Z 2 and g ∈ SL 2 (Z). Since x(a, g)x −1 (a, g) −1 = (x − g · x, e) ∈ H ∩ Z 2 = x , we deduce that g · x ∈ x . Similarly, from x(a, g) −1 x −1 (a, g) ∈ x , we deduce that g −1 · x ∈ x . Thus g · x ∈ {±x}. This in turn means that H ⊆ Z 2 ⋊ C, where C = {g ∈ SL 2 (Z) : g · x ∈ {±x}}. Let C ′ := {g ∈ C : g · x = x}. Then [C : C ′ ] ≤ 2 and we observe that C ′ is cyclic. Indeed, write x = (m, n) t with m, n ∈ Z and gcd(m, n)
, which is cyclic. Therefore C is amenable. Finally as H is maximal Haagerup we deduce that H = Z 2 ⋊ C, but then H ∩ Z 2 = Z 2 , which is a desired contradiction.
Case 3: Assume H ∩ Z 2 is trivial. We claim that H is of the form in the second choice in the conclusion.
Clearly, if (a, g) ∈ H, then a is uniquely determined by g, so that we can write a = c(g) for some map c :
Note that c is a cocycle and H ∼ = π(H) via the map (c(g), g) → g. Now for any nonamenable subgroup π(H) < SL 2 (Z), the following are equivalent:
(ii) the cocycle c can not be extended to a strictly larger subgroup of SL 2 (Z).
Indeed, (i)⇒ (ii) is trivial; to see (ii)⇒(i) holds, assume H K and K is a maximal Haagerup subgroup of G.
If the first choice holds, then K = Z 2 ⋊ C ′ for some maximal amenable subgroup C ′ of SL 2 (Z) by case 1. But then π(H) < π(K) = C ′ is amenable, which is a contradiction. Hence
Clearly, c ′ | π(H) = c and π(H) π(K), so that (ii) cannot hold. The last statements follow by standard arguments.
In view of the above theorem it is natural to ask whether one can understand better the subgroups appearing in its conclusion. We begin by analysing maximal amenable subgroups of SL 2 (Z).
Proof. As noted before, since SL 2 (Z) is hyperbolic, H is virtually cyclic. Then note that Z(SL 2 (Z)) = {±I 2 } ∈ H. Then we can take g to be a generator of Z < H. We may assume T r(g) ≥ 0; otherwise, we can replace g by −g. Now consider the two cases separately.
Case (1):
We will show that all points (x, y) t ∈ Z 2 \ (0, 0) t have infinite orbits under the action of g . Indeed, suppose this is not the case. Then there is n > 0 such that g n (x, y) t = (x, y) t for some (0, 0) = (x, y) ∈ Z 2 , and the two eigenvalues of g n are equal to 1. Hence either g n ∼ I 2 or g n ∼ and ω n−k = ω k , where ω is the nth primitive root of 1 and k ∈ Z. We may write ω k = a + ib. Then since T r(g) ∈ Z ≥0 , we know a = m/2 for some m ∈ Z ≥0 . Further |a| ≤ |ω k | = 1 implies m = 0, 1 or 2. If m = 0, the eigenvalues of g are ±i, so that g ∼ This is however a contradiction with the assumption in (1). We are ready to check that Z 2 ⋊ H is ICC. Let then (a, h) ∈ Z 2 ⋊ H be any nontrivial element. If a = (0, 0), then {(g n a, g n hg −n ) = (0, g n )(a, h)(0, g −n ) : n ∈ Z} is infinite by what we discussed above. Hence we may assume a = (0, 0) and h = e H = I 2 . To show that the conjugacy class of (0, h) is infinite, it suffices to find a sequence of elements a n ∈ Z 2 such that {a n + h(−a n )} n∈N are pairwise distinct. As a n + h(−a n ) = (I 2 − h)a n and I 2 − h = 0, we can just take a n = (n, 0) t or (0, n) t depending on which column of I 2 − h has nonzero entries.
Case (2):
Take any h ∈ H with infinite order, without loss of generality, we may assume that T r(h) ≥ 0. Since H is infinite and virtually cyclic, there exist k, n ∈ Z \ {0} such that h n = g k =
We claim that h = P Finally we can show that Z 2 ⋊ H has a finite conjugacy class. Indeed, there is a non-zero vector v ∈ Z 2 which is fixed by g, just take v to be a suitable multiple of P (1, 0) t . Then the above calculation shows that for every h ∈ H with infinite order, hv = ±v, which implies that (v, e) ∈ Z 2 ⋊ H has a finite conjugacy class as H contains only finitely many torsion elements.
We devote the remaining part of this subsection to understanding better the groups appearing in the case (2) of Theorem 2.12. We begin with a simple lemma. generates the whole group. We have c(s 2 ) = c(t 3 ), i.e.
we set c(t) = (x, y) ∈ Z 2 , we deduce that c(s) = (−x − 2y, x). Then a simple calculation shows that c is a coboundary with c(g) = ξ − gξ, g ∈ SL 2 (Z), where ξ = (−y, x + y) t . Note that it suffices to verify the formula on the generators s, t.
We now stop to record a simple group-theoretic corollary of the results of this section; the conclusion itself is likely well-known, but we give a simple proof.
Proof. By Proposition 2.10, Z 2 ⋊ Z/2Z is a characteristic subgroup, so that we have φ(Z 2 ⋊ Z/2Z) = Z 2 ⋊ Z/2Z. This implies that φ(Z 2 ) = Z 2 as Z 2 is the largest nontrivial normal subgroup of Z 2 ⋊ Z/2Z. Below, we write L = φ| Z 2 . Then, for any s ∈ SL 2 (Z), we write φ((0, s)) = (c(s), T (s)) for some maps c : SL 2 (Z) → Z 2 and T : SL 2 (Z) → SL 2 (Z). It is routine to check that T ∈ Aut(SL 2 (Z)) and c • T −1 is a cocycle. As c • T −1 is always a coboundary by Lemma 2.14, we know c(s) = ξ−T (s)ξ for some ξ ∈ Z 2 . Now the homomorphic property of φ is equivalent to the fact that T (s)L(b) = L(sb) for all s ∈ SL 2 (Z), b ∈ Z 2 .
We will now present some examples of congruence subgroups of SL 2 (Z) (and explicit cocycles) which satisfy the assumptions of statement (2) in Theorem 2.12.
and let ξ = (1/N, 0) t . Then the formula c(g) = ξ − gξ for all g ∈ Γ 1 (N ) defines a cocycle c : Γ 1 (N ) → Z 2 , which cannot be extended to any strictly larger subgroup H < SL 2 (Z). Therefore {(c(g), g) : g ∈ Γ 1 (N )} is a maximal Haagerup subgroup in Z 2 ⋊ SL 2 (Z).
Proof. First, recall the definition of some more subgroups in SL 2 (Z):
Further it is easy to see that the prescription above indeed defines a cocycle on Γ 1 (N ), as
Suppose that c can be extended to a larger subgroup H inside SL 2 (Z). Since Γ(N ) is normal in SL 2 (Z), we have c(sgs −1 ) = ξ − (sgs −1 )ξ for every s ∈ SL 2 (Z) and every g ∈ Γ(N ). If now s ∈ H, we can expand c(sgs −1 ) using cocycle identity to deduce that (1 − sgs −1 )c(s) = (1 − sgs −1 )(ξ − sξ). Taking any g ∈ Γ(N ) such that 1 is not an eigenvalue of g, so that (1 − sgs −1 ) is invertible, we conclude that c(s) = ξ − sξ for every s ∈ H. Therefore, to get a contradiction, we need to show that for any s ∈ SL 2 (Z), ξ − sξ ∈ Z 2 implies s ∈ Γ 1 (N ). This is a simple calculation based on the formula displayed above.
The last statement follows from Theorem 2.12: as Γ 1 (N ) is of finite index in SL 2 (Z), it is clearly non-amenable.
One can produce other examples as above, using say the free subgroup generated inside Proposition 2.17. Suppose that S is a non-amenable subgroup of SL 2 (Z) admitting a cocycle c : S → Z 2 which cannot be extended to a strictly larger subgroup. If either −I ∈ S or S is finitely generated, then S is of finite index in SL 2 (Z).
Proof. Assume first that −I ∈ S. Suppose that c : S → Z/2Z is a cocycle not admitting a proper extension. Then for each g ∈ S we have c(g) + gc(−I) = c(g(−I)) = c((−I)g) = c(−I) + (−I)c(g), which implies that c(g) = (I−g)c(−I) 2 ∈ Z 2 ; in particular the value of c at −I determines it uniquely. Write then c(−I) = (m, n) ∈ Z 2 . We will consider then several cases, depending on parity of m and n.
Case 1: Both m and n are even: then c(−I)/2 ∈ Z 2 , so that c : S → Z 2 is a coboundary and S = SL 2 (Z). . Hence, S ⊆ Ker(π)H. As the above formula for c defines also a Z 2 -valued cocycle on Ker(π)H, we know that S = Ker(π)H, hence is of finite index as Ker(π) has finite index in SL 2 (Z). Case 3: m is even and n is odd: analogous to Case 2. Case 4: Both m and n are odd: one can check that in this case, for every g ∈ S, we have g 11 + g 12 ≡ 1(mod 2) and g 21 + g 22 ≡ 1(mod 2). Thus, it is clear that the conjugation of S by the matrix Therefore, we know that S must be conjugate to the finite index subgroup Ker(π)H, hence is of finite index itself.
Assume then that −I / ∈ S, but S is finitely generated. Consider the quotient map π :
Recall that a group G has the M. Hall property if every finitely generated subgroup of G is a free factor of some subgroup of G of finite index. In [39] , M. Hall proved the non-abelian free groups satisfy this property. By [5, Corollary 10.1], we know that Z/2Z * Z/3Z also has the M. Hall property. Thus, as π(S) is finitely generated and of infinite index, there is an element in P SL 2 (Z) which is free from π(S). If we now consider any lift of this element to SL 2 (Z), say g, we see that it is free from S, so that the cocycle c can be extended to S, g . This yields a contradiction.
We finish this section by discussing an example of an infinite index subgroup S ⊂ SL 2 (Z) satisfying the assumptions of Theorem 2.12, case (2). Proposition 2.18. There exists an infinite index non-amenable subgroup S < SL 2 (Z) and a cocycle c : S → Z 2 such that c does not admit an extension to a larger subgroup.
Proof. Denote a = It is known that a, b ∼ = F 2 and it has finite index in SL 2 (Z). Consider then the free group decomposition
We then view F ∞ as an infinite index subgroup of SL 2 (Z) and denote it by S ′ .
Any cocycle c ′ :
conversely by freeness any choice of (x k , y k ) k∈Z determines a cocycle by the above formula. Suppose that such a cocycle can be extended to the subgroup
In particular, both x n − x 0 and y n − 2nx 0 − y 0 are even. Thus if we define x 0 = y 0 = 0, x k = y k = 1 for k ∈ Z, k = 0, we obtain a cocycle c ′ : S ′ → Z 2 which cannot be extended to a larger subgroup of F ∞ ⋊ σ Z. Consider then S ′ again as a subgroup of SL 2 (Z). A standard Kuratowski-Zorn argument (applied to pairs (d, K), where K is a subgroup of SL 2 (Z) containing S ′ and d : K → Z 2 is a cocycle extending c ′ ) shows that there is a subgroup S and a cocycle c : S → Z 2 such that S ′ ⊂ S, c| S ′ = c ′ , and c does not extend to a strictly larger subgroup. Then S is obviously non-amenable, and moreover it has infinite index. To see the latter, it suffices to note that if it had finite index in SL 2 (Z), then S ∩ F 2 would be of finite index in F 2 , so in particular would strictly contain F ∞ . That would contradict the fact that the cocycle c ′ could not be extended inside F 2 .
Naturally S constructed in the above proof cannot contain −I and cannot be finitely generated. We suspect that in fact S = S ′ .
A maximal Haagerup subgroup inside a Property (T) group. In this short subsection we present another explicit example of a maximal Haagerup subgroup, this time inside Proof. We begin by introducing some more notations: write Γ = SL 3 (Z), G = SL 3 (R), let P < G be the subgroup of all upper-triangular matrices in G, and let Q := {g ∈ G : g 21 = g 31 = 0}, Q ′ := {g ∈ G : g 31 = g 32 = 0}. Then Λ = Γ ∩ P and P Q. Let then H be a subgroup such that Λ H ⊆ Γ; we aim to show that Z 3 ⋊ H is not Haagerup. We will consider two separate cases.
Case (1): there exists a finite index subgroup H 0 < H such that H 0 < Q∩Γ or H 0 < Q ′ ∩Γ. It suffices to consider the case H 0 < Q ∩ Γ, the other one can be argued analogously. As Q ∩ Γ has an index 2 subgroup isomorphic to Z 2 ⋊ SL 2 (Z), after passing to this subgroup (so changing H 0 to another finite index subgroup of H), we see that Z 2 ⋊Λ 2 < H 0 < Z 2 ⋊SL 2 (Z), where Λ 2 < SL 2 (Z) is the maximal amenable subgroup consisting of all upper triangular matrices. If H 0 = Z 2 ⋊ Λ 2 , then Proposition 1.7 implies that H 0 (so also H) has relative property (T) with respect to an infinite subgroup, and H cannot be Haagerup. It remains to note that if H is strictly larger than Λ, then Λ cannot be of finite index in H. This however follows from [7, Corollary B] , where it is shown that Λ is a maximal amenable subgroup of SL 3 (Z).
Case (2) : no finite index subgroups of H are contained in Q ∩ Γ or Q ′ ∩ Γ. By [11, Proposition 7] , we know that Z 3 < Z 3 ⋊ H has relative Property (T) if and only if there is no H-invariant probability measure on the projective space X := P(R 3 ) := R 3 − {0}/ ∼, where (a, b, c) t ∼ (a ′ , b ′ , c ′ ) t if the two vectors are parallel to each other. Denote by π : SL 3 (R) ։ P SL 3 (R) = SL 3 (R)/(R =0 · I) the natural quotient map and note that P SL 3 (R) acts naturally on X.
As hinted in [11, P. 62] , by [61, Corollary 3.2.2] it suffices to check that no finite index subgroup of π(H) could fix [V ] , where V is a subspace of R 3 with dimension 1 or 2 and [V ] denotes the image of V in X. Suppose then that we have such a finite index subgroup and a subspace V . Note that [V ] is invariant under π(Λ). Then either dimV = 1, so that V = (R, 0, 0) t or dimV = 2, so that V = (R, R, 0) t . In the first situation the stabilizer subgroup of [V ] in P SL 3 (R) is equal to π(Q). Therefore, H has a finite index subgroup contained in Q ∩ Γ, which contradicts our assumption in Case (2) . Similarly in the second situation the stabilizer subgroup of [V ] in P SL 3 (R) is equal to π(Q ′ ). Therefore, H has a finite index subgroup contained in Q ′ ∩ Γ and we again reach a contradiction.
Maximal Haagerup von Neumann subalgebras
In this section we will present several examples of maximal Haagerup von Neumann subalgebras; in most cases (but not all) the proofs will be based on the knowledge of the form of all intermediate von Neumann subalgebras. Some results will be first phrased in a rather general language, but we will always strive to present concrete examples of the form L(H) < L(G), where H is a (neccessarily maximal Haagerup) subgroup of a non-Haagerup group G.
Maximal Haagerup subalgebras inside L(Z 2 ⋊SL 2 (Z)). We begin by the example where we do not know all the intermediate algebras explicitly.
Theorem 3.1. Suppose that H is an infinite maximal amenable subgroup of SL 2 (Z) such that L(Z 2 ⋊ H) is a factor; for example let H be a maximal amenable subgroup of SL 2 (Z)
Proof. Consider a von Neumann algebra P such that
Begin by noting that since SL 2 (Z) is hyperbolic [8, Theorem D] or [7, Theorem A+ Corollary B(1)] show that N is a maximal amenable subalgebra of M. This means in particular that N ′ ∩ M ⊂ N. Thus, as N is a factor, so is P (as
It now remains to use the main theorem of [42] , where Ioana showed that when P is a subfactor of M which contains L(Z 2 ), then P is either amenable (in which case it equals N, as discussed above), or the inclusion L(Z 2 ) < P is rigid, in which case P cannot be Haagerup. This ends the proof of the main part of the theorem; the fact that any maximal amenable subgroup of SL 2 (Z) containing Examples related to Galois correspondence. The next example is an almost immediate consequence of the results of [20] . Theorem 3.2. Suppose that G is a group and Λ is an amenable ICC group. Then the following conditions are equivalent for a von Neumann algebra P such that L(Λ ⊕G ) < P < L(Λ ≀ G):
Proof. Consider the Bernoulli action of G on the algebra G R, where R is the hyperfinite II 1 -factor, so that R ≃ L(Λ). As the action is strictly outer (see for example [6, Proposition 4.9]), we can apply [20, Corollary 4] (generalized in [6, Theorem 5.3] ) to deduce that any intermediate von Neumann algebra between G R and ( G R) ⋊ G is of the form P K := ( G R) ⋊ K, where K is a subgroup of G. Now as L(K) < P K , if P K is Haagerup, then K must be Haagerup. It remains to note that if K is Haagerup, so is Λ ≀ G K, which is the content of Proposition 2.6. This ends the proof.
Concrete instances of the above theorem can be produced for example using Theorem 2.12.
Extremely rigid actions. The next class of examples comes from actions which do not admit non-rigid nontrivial quotients. Recall that an action G (X, µ) is called rigid ( [56] ) if the inclusion of von Neumann algebras L ∞ (X, µ) < L ∞ (X, µ) ⋊ G is rigid; as we recalled in Proposition 1.10 unless (X, µ) is not diffuse, this gives an obstruction to the Haagerup property of L ∞ (X, µ) ⋊ G. Definition 3.3. A p.m.p. ergodic action G (X, µ) is said to be extremely rigid if the following two conditions are satisfied:
(1) there are no atomic quotient actions of G (X, µ) other than the trivial action; (2) all the quotient actions of G (X, µ) are rigid.
We first formulate and prove a general result regarding extremely rigid actions. Note that very similar methods are used to show maximal injectivity of certain subalgebras in [18, Corollary 3.6].
Theorem 3.4. Let Λ be an ICC group with the Haagerup property and let G (X, µ) be a p.m.p. ergodic extremely rigid action. Moreover, assume that G has the Haagerup property. Let N =⊗ G L(Λ) and consider the Bernoulli action of G on N. Then N⋊G < (N⊗L ∞ (X, µ))⋊ G is a maximal Haagerup subalgebra.
Proof. First note that N ⋊ G has the Haagerup property, as N ⋊ G = L(Λ ≀ G) and Λ ≀ G has the Haagerup property.
Then, let P be any intermediate von Neumann algebra such that N ⋊ G P < M, where M = (N⊗L ∞ (X, µ) ) ⋊ G. Then we claim that P does not have the Haagerup property. Observe that N < N⊗L ∞ (X) is centrally G-free in the sense of [57, Theorem 4.3] . Indeed, by [57, Remark 4.4(3)] (and using the notation of that paper) N ω ∩ (N⊗L ∞ (X)) ω = N ω ∩ (N⊗L ∞ (X)) ′ = N ω ∩ N ′ and hence we just need to check N ⊂ N is centrally G-free, which holds by [57, Example 4.13] . Therefore, we may apply [57, Theorem 4.6] to conclude that P = A ⋊ G, where A is a G-invariant intermediate subalgebra such that N A < N⊗L ∞ (X). Since N is a finite factor, we deduce that A ∼ = N⊗B for some G-invariant von Neumann subalgebra B of L ∞ (X) by Ge-Kadison's splitting theorem [34] .
Then P = (N⊗B) ⋊ G. As the action is assumed to be extremely rigid, P cannot have the Haagerup property as it contains B ⋊ G, B is diffuse and the inclusion B < B ⋊ G is rigid.
Let us then discuss an example of an extremely rigid action. ' kZ 2 as (x, y) → (−x, −y). As the inclusion (kZ 2 < kZ 2 ⋊ G) ∼ = (Z 2 < Z 2 × G) has relative Property (T), we know that G ' kZ 2 is rigid. To see that G ' kZ 2 /∼ is also rigid, we argue as follows. Set
and the inclusion L ∞ ( ' kZ 2 ) < N is rigid as the above shows, we deduce that the inclusion B < N is also rigid. Then notice that both N 0 and N are factors since the actions are free and ergodic. Moreover, by considering the action G × Z/2Z ' kZ 2 as above, we see
Thus we can apply [56, Proposition 4.6.3] to conclude that the inclusion B < N 0 is rigid, i.e. the action G ' kZ 2 /∼ is rigid. Corollary 3.6. Let G = SL 2 (Z) and let Λ be an ICC group with the Haagerup property.
Proof. An immediate consequence of Theorem 3.4 and Lemma 3.5. Theorem 3.7. Let G (X, µ) be a p.m.p. ergodic action and H < G be a strong relative ICC group, i.e. #{hgh −1 : h ∈ H} = ∞ for all g = e in G. Assume that H acts on X trivially. Then every intermediate von Neumann subalgebra P between L(G) and
Proof. The strong relative ICC assumption implies that G is ICC itself, so that by ergodicity of the action L ∞ (X) ⋊ G is a II 1 factor. In particular we have the trace-preserving normal conditional expectation E : L ∞ (X) ⋊ G ։ P.
As in [52] , we just need to check that E(L ∞ (X)) ⊆ L ∞ (X). Indeed, if this holds, then E(L ∞ (X)) is a G-invariant von Neumann subalgebra and E(L ∞ (X)) ⋊ G < P; Moreover, P < E(L ∞ (X)) ⋊ G by applying E to the Fourier expansion of an element in P. Therefore,
To prove E(L ∞ (X)) ⊆ L ∞ (X), first observe that for every a ∈ L ∞ (X), and h ∈ H, we have u h E(a)u
Thus it suffices to show that the strong relative ICC assumption implies that
and its Fourier expansion a = g∈G f g u g . Then for all h ∈ H we have u h a = au h , which means that
Finally as g∈G ||f g || 2 2 < ∞, the relative ICC assumption allows us to conclude that f g = 0 for all g = e. This implies that E(L ∞ (X)) ⊆ L ∞ (X) and ends the proof.
Remark 3.8. The above theorem generalizes the one in [1] . Indeed, one just observes that if H < G is plump in the sense of [1] , then it satisfies the strong relative ICC assumption. Indeed, suppose this is not the case, so that there exists some g ∈ G \ {e} such that #{hgh −1 : h ∈ H} < ∞. Enumerate {hgh −1 : h ∈ H} as {g 1 , . . . , g N } and define a function φ :
Clearly, φ is continuous. Moreover the fact that H is plump in G, means that 0 = inf t∈X N φ(t). Then, as φ is continuous, there is some t = (t 1 , . . . , t N ) ∈ X N such that φ(t) = 0, i.e. N as u g 1 , . . . , u g N are linearly independent, and contradicts the fact that t ∈ X N . Corollary 3.9. Consider the action SL 2 (Z) * SL 2 (Z) Z 2 defined by first factoring onto the first copy of the free product:
Proof. Note first that the action of SL 2 (Z) (so also of SL 2 (Z) * SL 2 (Z)) on T 2 is p.m.p. and ergodic. Let H = ker(p 1 ), i.e. the normal subgroup generated by the second copy of SL 2 (Z), so H acts trivially on Z 2 . Clearly H ⊂ SL 2 (Z) * SL 2 (Z) is a strong relative ICC group. Hence by Theorem 3.7 any von Neumann algebra P such that L(
, where E is the trace preserving conditional expectation onto L(Z 2 ). If the subalgebra E(P) is nontrivial, then, as it is SL 2 (Z) invariant, by Lemma 3.5 the algebra E(P) ⋊ SL 2 (Z) is not Haagerup, and the inclusion P ⊃ E(P) ⋊ SL 2 (Z) ends the proof.
We continue this part by explaining how Theorem 3.7 and its proof can be used to determine intermediate von Neumann algebras for pro-finite actions of ICC groups. Begin by noting that the proof of Theorem 3.7 can be adopted to 'localise' the necessary assumptions.
Assume further that for each a ∈ A there exists a subgroup
Proof. The proof follows similarly to the proof of Theorem 3.7. Indeed, observe that as the conditional expectation E is normal, to show E(L ∞ (X)) ⊆ L ∞ (X) it suffices to prove that E(A) ⊆ L ∞ (X). Take then any a ∈ A. By assumption (i) we know that
Corollary 3.11. Let G be a residually finite ICC group G, and let {G n } n∈N be a decreasing sequence of normal subgroups of G with trivial intersection. Suppose that
is a profinite action. Then every von Neumann algebra P such that
Proof. Take A = {1 gGn : n ≥ 1, g ∈ G}. The fact that the span of A is · 2 dense in L ∞ (X) follows from the definition of a profinite action. For any n ≥ 1, g ∈ G and a = 1 gGn , let H a = G n . Then for any n ∈ N and g = e in G we have, denoting by C H (g) the centralizer of
G n ] = ∞, as G is assumed to be ICC. This means that we can apply Theorem 3.10.
The above result can be generalised from profinite actions to arbitrary compact actions, as we were kindly informed by Rémi Boutonnet. After this work was completed, we learned that Chifan and Das proved a more general version of the above corollary, see [18, Examples coming from roughly normal subgroups. The next class of examples is related to what we call roughly normal subgroups and uses a variation on the work on intermediate operator algebras due to Cameron and Smith ([12] ). It is worth mentioning that in the von Neumann algebraic context ideas similar to these below occur already in [38] .
If H < G is an infinite subgroup then we call H roughly normal if for every g ∈ G the set H ∩ g −1 Hg is infinite. A word of warning is in place: some authors call such subgroups almost normal, but it seems that in the group theoretic terminology the latter usually means a subgroup with finitely many conjugate subgroups -and the two notions are not related.
Lemma 3.12. Let H ⊆ G be a roughly normal subgroup and let G σ (X, µ) be a free mixing p.m.p. action. Suppose that P is a von Neumann algebra such that
Proof. This is essentially a corollary of [12, Theorem 3.3] . For completeness, we sketch the proof in our setting. Let E : L ∞ (X) ⋊ G ։ P be a faithful normal conditional expectation. Notice that for every g ∈ G we have u
as the action is free. We may thus write E(u g ) = z g u g for some z g ∈ L ∞ (X). Clearly, z h = 1 for all h ∈ H. Therefore (see [12] 
Now we show that z g are projections and moreover
Define K = {g ∈ G : z g = 1}. Clearly, K is a subgroup of G containing H. Take then any g ∈ G \ K. As H is roughly normal in G, there exist infinitely many distinct h n ∈ H such that h ′ n := gh n g −1 ∈ H. Since z hn = 1, we get σ hn (z
where the last inequality holds since
As G X is mixing and z g −1 = 1, we deduce that z g −1 = 0. This means that P = span w * {L ∞ (X)u g : g ∈ K}, which ends the proof.
An extension of the above argument yields the next theorem.
Proof. Notice first that H is a roughly normal subgroup of G. Since the action is not assumed to be mixing, we cannot apply Lemma 3.12 directly. If we however follow its proof, and use the properties of our groups, we see that for any g ∈ G \ K ⊆ G \ H (with K defined as in that proof) and any h ∈ Z 2 we have h ′ = ghg −1 ∈ H and deduce that σ h (z g −1 ) ≥ z g −1 . This means that actually σ h (z g −1 ) = z g −1 for all h ∈ Z 2 . Since σ| Z 2 is ergodic and z g −1 = 1, we deduce again that z g −1 = 0. Hence every intermediate von Neumann subalgebra must be of the form L ∞ (X) ⋊ K for a subgroup K of Z 2 ⋊ SL 2 (Z) containing H. Now Theorem 2.12 ends the proof.
We can now present concrete examples of the above situation.
Corollary 3.14. Let G = Z 2 ⋊ SL 2 (Z) and H = Z 2 ⋊ C, where C < SL 2 (Z) is a maximal amenable subgroup. Let σ be the classical Bernoulli shift G T G or a generalized Bernoulli shift G T Z 2 induced by the affine action G Z 2 . Then σ is free and σ| Z 2 is ergodic; hence
Note that the generalized Bernoulli shift action is not mixing as (1, 0) ∈ Z 2 has infinite stabilizer subgroup in G.
Questions of Ge.
The following natural definition of a maximal von Neumann subalgebra was introduced by Ge [33] .
Definition 3.15. Let M be a von Neumann algebra and N be a von Neumann subalgebra. We say N is a maximal von Neumann subalgebra of M if for any von Neumann subalgebra P of M with N ⊆ P, either N = P or P = M.
In [33, Section 3, Question 2] Ge asked the following questions.
Question 3.16. Can a non-hyperfinite factor of type II 1 have a hyperfinite factor as a maximal von Neumann subalgebra? Can a maximal von Neumann subalgebra of the hyperfinite factor of type II 1 be a subfactor of an infinite Jones index?
We will now show how the knowledge of intermediate von Neumann algebras quoted and developed in this section gives positive answers to both of the above. We begin with a lemma on properties of upper-triangular matrices inside SL 2 (Q). Recall that the notion of a roughly normal subgroup was introduced before Lemma 3.12.
Lemma 3.17. Let G = SL 2 (Q) and let H denote the upper-triangular matrices in SL 2 (Q). Then H is a maximal subgroup in G; moreover H is amenable and roughly normal in G. This means that G = H ⊔ HsH, so that H is a maximal subgroup. As H is solvable, it is amenable. Finally the set
s infinite and contained in sHs −1 ∩ H, so that H is roughly normal in G.
Proposition 3.18. Let G = SL 2 (Q), let H denote the upper-triangular matrices in SL 2 (Q) and let Λ be an amenable ICC group. The following factor inclusions have the property that the smaller factor is an amenable maximal subalgebra of the larger one:
Proof. X is a prime action, then the following infinite index inclusion of amenable factors is such that the smaller factor is a maximal von Neumann subalgebra of the larger one:
To present the second example, we need some preparations. The so-called Houghton groups were introduced in [40] . Let us recall their definition, following [27, Example 3.6], .
Fix an integer n ∈ N and set Ω n = N × {1, . . . , n}. We may think of Ω n as the disjoint union of n copies N 1 , . . . , N n of N. The Houghton group G n is the group of all permutations σ of Ω n such that, for each i ∈ {1, . . . , n} the set σ(N i )∆N i is finite, and σ is eventually a translation on N i , i.e. there exist an n-tuple (m 1 , . . . , m n ) ∈ Z n and a finite set
It is easy to see that the action of G n on Ω n is transitive. Proposition 3.20. Let n ∈ N, n ≥ 2, let G n denote the corresponding Houghton group acting on Ω n as above, let H n denote the stabilizer group of a point in Ω n and let Λ be an ICC amenable group. The following infinite index inclusion of amenable factors is such that the smaller factor is a maximal von Neumann subalgebra of the larger one:
Proof. Fix n ≥ 2. As explained in [27, Example 3.6], G n is elementary amenable. Moreover, the action of G n on Ω n is k-transitive for all k ∈ N. Taking k = 2 we see that the diagonal action G n Ω n × Ω n has two orbits; equivalently, |H n /G n \H n | = 2. Hence H n is a maximal subgroup of G n . It has infinite index, as G n Ω n is transitive and Ω n is an infinite set. The conclusion follows once again by [20, Corollary 4] , as in the proof of Theorem 3.2.
Maximal (T) and non-(T) subgroups and subalgebras
In this short section we discuss some facts concerning maximal non-(T) (and also (T)) subgroups and subalgebras.
Explicit maximal non-(T) subgroups in groups with Property (T). Variations of the example to be described below were studied for example in [30, 45] .
and its subgroup
Then H is a maximal non-(T) subgroup inside G.
Proof. Note first that the fact that G is a Kazhdan group is observed in [28] . If we consider
then a direct computation shows that K is a normal subgroup of H and H/K ∼ = Z. Hence H is non-(T), as it admits a non-(T) quotient. We will now show that for any g ∈ G \ H the subgroup H, g has finite index in G (and hence has Property (T); and so does any subgroup of G containing H, g ). Given any
Now bA −1 = 0 and the second matrix belongs to H; this means that without loss of generality we may assume that g = . Then we check that
This is clear by the following calculation:
To check this, it suffices to show that for the standard basis elements e i ∈ Z 1×3 and any m ∈ Z we have This ends the proof.
In fact another example of similar nature may be deduced from the results in [50] , as kindly communicated to us by Chen Meiri. Proof. Note first that H does not have Property (T) since it has an index 2 subgroup Z 2 ⋊ SL 2 (Z), which does not have Property (T) as it admits the non-(T) quotient SL 2 (Z).
Let then g ∈ SL 3 (Z), g ∈ H. Multiplying g by elements of H and using basic numbertheoretic properties one can first reduce the situation to the case where g 31 = 0 (so that 
Maximal (T) and non-(T)-subalgebras.
As we saw in Proposition 1.4, it is very easy to show that maximal non-(T) groups exist. We do not know how to extend this result to general von Neumann algebras, but below we record one special case. For the notions related to the von Neumann algebraic Property (T) and to the relative Property (T) we refer again to [56] .
Proposition 4.3. Let M be a II 1 factor and N < M be a non-(T) von Neumann subalgebra, which is ireducible, i.e. N ′ ∩ M = C. If M has property (T), then there is a maximal non-(T) von Neumann subalgebra P such that N < P < M.
Proof. Consider the class of non-(T) von Neumann subalgebras of M which contain N, as usual partially ordered by inclusion. To conclude the proof via the the Kuratowski-Zorn lemma it suffices to show that for any ascending chain (N i ) i∈I in the class, the von Neumann algebra N ∞ := (∪ i∈I N i ) ′′ is in the class. As we are working inside a II 1 -factor we may assume that the index set is countable. Note that N ∞ is a factor and N ′ i ∩ M = C for each i ∈ I, since N is assumed to be irreducible. Suppose that N ∞ has property (T). Then [55, Theorem 4.4.1] implies that N ∞ = N i for some i ∈ I, which yields a contradiction. This ends the proof.
As noted before Proposition 1.4 one cannot expect a general result of this type for Property (T). Having said that, using free products and one can exhibit explicit examples of maximal Property (T) subgroups/subalgebras. Proposition 4.4. Let M, N be type II 1 factors. If M has property (T), then M < M * N is a maximal rigid embedding, i.e. if P is any von Neumann algebra with M < P < M * N and P < M * N is a rigid embedding, then P = M. In particular M is a maximal (T) von Neumann subalgebra in M * N.
Proof. It suffices to prove the first part since if a von Neumann subalgebra P < M has property (T), then P < M * N is a rigid embedding.
If M < P and P < M * N is a rigid embedding, then P is diffuse since M is diffuse. By [44, Theorem 5.1] (taking B = C = M 0 there), there exists a unique pair of projections q 1 , q 2 ∈ P ′ ∩ (M * N) such that q 1 + q 2 = 1, u 1 (Pq 1 )u * 1 ⊆ M and u 2 (Pq 2 )u * 2 ⊆ N for some unitary elements u 1 , u 2 ∈ M * N. Since P ′ ∩ (M * N) < M ′ ∩ (M * N) = M ′ ∩ M = C, either (q 1 , q 2 ) = (0, 1) or (q 1 , q 2 ) = (1, 0). If (q 1 , q 2 ) = (0, 1), then u 2 Pu * 2 < N and hence u 2 Mu * 2 < N. Then by [44, Theorem 1.1] it follows that u = 0, which is a contradiction. Thus (q 1 , q 2 ) = (1, 0) and u 1 Mu * 1 < u 1 Pu * 1 < M. Again, by [44, Theorem 1.1] it follows that u * 1 ∈ L 2 (M), hence u * 1 ∈ M. Now, M < P < u * 1 Mu 1 = M, i.e. M = P. Corollary 4.5. Suppose that G, H are ICC groups and G has Property (T). Then G is a maximal Property (T) subgroup of G * H.
Proof. Immediate from the last proposition. For amenability the relevant examples can be produced for example in [7] . We believe that a suitable candidate is given by the pair of groups considered in Proposition 2.8, although it is not clear whether one can find a Bernoulli factor of the corresponding algebraic action. Problem 5.2. Find a non-Haagerup group G such that Z n (n ≥ 1) is a maximal Haagerup subgroup of G or show that no such an example exist.
Open problems
Our results include examples of amenable and maximal Haagerup subgroups inside nonHaagerup groups. On the other hand, observe that if Z can be realised as a maximal Haagerup subgroup inside a non-Haagerup group G, then G does not have property P naï as introduced in [3] and it admits an infinite cyclic or trivial Haagerup (hence also amenable) radical. We are not aware of any examples of such G. Here the situation seems to be completely open, in a sense that no natural obstructions to the Haagerup property seem to be known beyond the context of finite von Neumann algebras.
